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A MIRROR CONSTRUCTION FOR THE BIG EQUIVARIANT QUANTUM
COHOMOLOGY OF TORIC MANIFOLDS
HIROSHI IRITANI
ABSTRACT. We identify a certain universal Landau-Ginzburg model as a mirror of the big
equivariant quantum cohomology of a (not necessarily compact or semipositive) toric man-
ifold. The mirror map and the primitive form are constructed via Seidel elements and shift
operators for equivariant quantum cohomology. Primitive forms in non-equivariant theory are
identified up to automorphisms of the mirror.
1. INTRODUCTION
The big quantum cohomology of a smooth projective variety X is a formal family of
commutative products ⋆τ on the space H∗(X)[[Q]] parameterized by τ ∈ H∗(X), which
gives the cup product at the limit Q = τ = 0. Here Q is the Novikov variable that keeps track
of the degree of rational curves in X . It is well-known that the quantum product ⋆τ defines a
flat connection on the tangent bundle of H∗(X) with parameter z ∈ C×
∇α = ∂α + z
−1(α⋆τ) for α ∈ H∗(X)
called the quantum connection. This connection defines the structure of a D-module on the
tangent sheaf of H∗(X); by a slight abuse of language we refer to this D-module also as
quantum connection. In this paper, we study mirror symmetry for the quantum connection
of a toric variety. More precisely, we identify the quantum connection with the Gauss-Manin
connection associated with a function (Landau-Ginzburg potential) on the algebraic torus
(C×)D of dimension D = dimX .
Givental [24, 22] and Hori-Vafa [33] proposed that a mirror of a toric variety is a Laurent
polynomial function on (C×)D of the following form:
(1.1) F (x) = Qβ1xb1 + · · ·+Qβmxbm , x ∈ (C×)D
where b1, . . . , bm ∈ N ∼= ZD are primitive generators of one-dimensional cones of the fan Σ
of the toric variety XΣ, βi = β(bi) ∈ H2(XΣ,Z) is a certain curve class determined by the
choice of a splitting of the fan sequence (see §3.3). Givental’s mirror theorem [22] implies,
when the toric variety XΣ is compact and c1(XΣ) is semipositive, that the small1 quantum
cohomology of XΣ is isomorphic to the Jacobi ring of F (x) and that the small quantum
connection of XΣ is isomorphic to the twisted de Rham cohomology HD(Ω•(C×)D [z], zd +
dF∧) equipped with the Gauss-Manin connection. Givental [22] also showed that a mirror
of equivariant quantum cohomology is given by adding a logarithmic term to the potential:
Fλ(x) = F (x) +
∑D
i=1 λi log xi, where λ1, . . . , λD are the equivariant parameters for a torus
T ∼= (C×)D acting on the toric variety XΣ.
1Small means that the parameter τ is restricted to lie in H2; big means that the parameter space is the whole
cohomology group.
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A generalization of this result to big quantum cohomology has been studied by Barannikov
[3] and Douai-Sabbah [17]. They obtained big quantum cohomology mirrors of (weighted)
projective spaces by adding to F (x) monomial terms which form a basis of the Jacobi ring.
This leads to an isomorphism of Frobenius manifolds between the A-model (quantum coho-
mology) and the B-model (singularity theory).
The aim of this paper is to describe mirror symmetry for both big and equivariant quantum
cohomology. It turns out that the mirror has a simple description. We introduce a universal
Landau-Ginzburg potential Fλ(x;y) of the form:
Fλ(x;y) =
∑
k
ykQ
β(k)xk − λ · log x.
Here the sum is taken over all lattice points k ∈ N in the support |Σ| of the fan, β(k) ∈
H2(XΣ,Z) is a certain curve class (it is determined by the conditions that β(bi) = βi, 1 ≤ i ≤
m and that β(k+ l) = β(k)+β(l) whenever k, l belong to the same cone of Σ; see §3.3) and
y = {yk} is an infinite set of parameters. The infinitely many parameters y of the Landau-
Ginzburg potential Fλ(x;y) correspond, under mirror symmetry, to the parameter τ in the
equivariant cohomology H∗T (XΣ) which is also infinite dimensional. The twisted de Rham
cohomology of the universal potential Fλ gives the Gauss-Manin system GM(Fλ) which
forms a D-module over the y-space via the Gauss-Manin connection. Roughly speaking,
GM(Fλ) consists of volume forms ϕ(x;y)dx1x1 · · ·
dxD
xD
on the torus (C×)D and the D-module
structure is defined in such a way that the oscillatory integrals∫
ϕ(x;y)eFλ(x;y)/z
dx1
x1
· · ·
dxD
xD
are solutions. We refer to §3.3 for a precise definition; we define GM(Fλ) over the ring of
formal power series in the parameters y. Our main theorem is stated as follows.
Theorem 1.1 (see Theorem 3.21, Corollary 3.22 for precise statements). Let N ∼= ZD be
a lattice and let Σ be a fan in N ⊗ R which defines a smooth semi-projective2 toric variety
XΣ having a torus-fixed point. There is a formal invertible change of variables (mirror map)
between the A-model parameter τ ∈ H∗T (XΣ) and the B-model parameter y such that the
Gauss-Manin systemGM(Fλ) of Fλ is identified with the big equivariant quantum connection
of XΣ and that the Jacobi ring of Fλ is identified with the equivariant quantum cohomology
of XΣ, under the mirror map.
The key ingredients of the proof are Seidel elements and shift operators for equivariant
quantum cohomology. In fact, the above theorem follows almost as a formal consequence of
properties of these operators. A Seidel element is an invertible element of quantum cohomol-
ogy associated to a Hamiltonian circle action on a symplectic manifold, introduced by Seidel
[56]. This can be “lifted” to the equivariant setting and yields a shift operator for equivariant
parameters [47, 5, 42, 38]. The mirror map and the mirror isomorphism in the above theorem
can be described as follows:
2This is equivalent to XΣ being a GIT quotient of a vector space. We do not assume that XΣ is projective or
c1(XΣ) is semipositive.
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Theorem 1.2 (a generalization of [25]; Proposition 3.6). The mirror map y 7→ τ(y) is char-
acterized by the differential equation
∂τ(y)
∂yk
= Sk(τ(y))
together with a certain asymptotic initial condition, where Sk(τ) is the Seidel element asso-
ciated to the C×-action k ∈ N. Here we identify N with the cocharacter lattice Hom(T,C×)
of the natural torus T acting on XΣ.
Theorem 1.3 (Theorem 3.24, Corollary 3.26). Introduce another infinite set y+ = {yk,n :
k ∈ N ∩ |Σ|, n = 1, 2, 3, . . . } of variables and consider a formal family of elements in
GM(Fλ):
ω(y+) = exp
 ∑
k∈N∩|Σ|
∞∑
n=1
yk,nz
n−1Qβ(k)xk
 dx1
x1
∧ · · · ∧
dxD
xD
.
The image Υ(y,y+, z) ∈ H∗T (XΣ)[z][[Q]][[y,y+]] of ω(y+) under the mirror isomorphism in
Theorem 1.1 is characterized by the differential equation:
∂Υ(y,y+, z)
∂yk,n
= [zn−1Sk(τ(y))]+Υ(y,y
+, z) n = 0, 1, 2, . . . ,
together with a certain asymptotic initial condition, where Sk(τ) denotes the shift operator
associated to the C×-action k ∈ N and we set yk,0 := yk. In particular, a primitive form in
the sense of K. Saito [54] is given by ω(y+) with y+ satisfying Υ(y,y+, z) = 1.
Mirror symmetry for non-equivariant big quantum cohomology follows immediately by
taking a non-equivariant limit of Theorem 1.1. In order to obtain a Landau-Ginzburg potential
and a (cochain-level) primitive form in the non-equivariant setting, we need to choose a for-
mal map (s, f) : H∗(XΣ)[[Q]]→ H∗T (XΣ)[[Q]]×H∗T (XΣ)[z][[Q]] such that the non-equivariant
limit of (s(σ), f(σ)) equals (σ, 1) for σ ∈ H∗(XΣ)[[Q]]. The pull-back s∗F of the universal
Landau-Ginzburg potential with λ = 0 gives a universal unfolding of the original potential
(1.1) (for some choice of s; see Proposition 4.4) and the data (s, f) associates a primitive form
ζ(s,f) of the Gauss-Manin system GM(s∗F ). These primitive forms associated with various
choices are related to each other by co-ordinate changes of the mirror.
Theorem 1.4 (Theorems 4.2, 4.8 and Corollary 4.9). The Gauss-Manin system GM(s∗F ) of
s∗F is isomorphic to the non-equivariant big quantum connection of XΣ. Moreover, oscilla-
tory primitive forms exp(s∗F/z)ζ(s,f) associated with various data (s, f) are related to each
other by reparametrizations of the mirror.
We observe that reparametrizations of the mirror form an infinite-dimensional formal
group JG. The group JG reduces the equivariant theory to the non-equivariant one: in terms
of Givental’s Lagrangian cone [23], the non-equivariant Givental cone can be regarded as the
orbit space of the equivariant Givental cone under a JG-action (see Theorem 4.8 and Remark
5.6).
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The mirror map and primitive forms can be calculated concretely in terms of the following
hypergeometric series, called the extended I-function [12]:
I(y, z) = ze
∑m
i=1 ui log yi/z
∑
ℓ∈L̂eff
yℓQd(ℓ)
(
m∏
i=1
∏0
c=−∞(ui + cz)∏ℓbi
c=−∞(ui + cz)
)
1∏
k∈G ℓk!z
ℓk
.
where L̂eff is the index set defined in §3.2 and G = (N ∩ |Σ|) \ {b1, . . . , bm}. We deduce
the following theorem from basic properties of shift operators, without relying on the mirror
theorem [12] for the extended I-function.
Theorem 1.5 (Corollary 5.4). We set yk(z) = yk +
∑∞
n=1 yk,nz
n and y(z) = {yk(z) : k ∈
N ∩ |Σ|}. The primitive form of the equivariant mirror is given by ω(y+) for y+ such that
one has I(y(z), z) = z(1 + O(z−1)). Moreover, for such y+, the asymptotics I(y(z), z) =
z + τ(y) +O(z−1) determines the mirror map τ(y).
The primitive form in this paper is given as a formal power series in the parameters y, and
should be thought of as a “formal primitive form” in the sense of Li-Li-Saito [40] (see also
[55]). Note that our primitive form is defined over the Novikov ring.
Cho-Oh [9] and Fukaya-Oh-Ohta-Ono [18, 19, 20] constructed the Landau-Ginzburg po-
tential as a generating function of open Gromov-Witten invariants. Their potentials were
computed for compact semi-positive toric manifolds by Chan-Lau-Leung-Tseng [6] via Sei-
del representation (see also [26]). It is natural to ask if our inverse mirror map τ 7→ yk(τ)
(and the function τ 7→ y+(τ) giving the primitive form) is a generating function of certain
open Gromov-Witten invariants. We would like to draw attention to the related approach of
Gross [29] using tropical disc counting and that of Gonza´lez-Woodward [27] using quantum
Kirwan maps. We also remark that the present approach via Seidel representation is closely
related to the viewpoint of Teleman [57] on mirror symmetry.
Remark 1.6. When we talk about formal power series in y and y+, we always mean a
function on the formal neighbourhood of the base point given by yb1 = · · · = ybm = 1,
yk = 0 for k ∈ G := (N ∩ |Σ|) \ {b1, . . . , bm} and yk,n = 0 for all k ∈ N ∩ |Σ| and n ≥ 1.
This base point corresponds to the original potential (1.1).
Acknowledgements. I thank Eduardo Gonza´lez and Si Li for very helpful discussions. Joint
work [25] with Eduardo Gonza´lez was a starting point of the present research. Si Li sug-
gested me to consider deformations of F (x) by infinitely many monomials. This research
is supported by JSPS Kakenhi Grant Number 16K05127, 16H06337, 25400069, 26610008,
23224002, 25400104.
Notation.
• T ∼= (C×)dimT is an algebraic torus; we write T̂ := T × C×;
• X is a smooth T -variety (satisfying the assumption in §2);
• XΣ is a smooth toric variety associated to a fan Σ; in this case T ∼= (C×)dimXΣ;
• (λ, z) ∈ Lie(T )× Lie(C×) = Lie(T̂ ) denote variables on the Lie algebra;
• H∗
T̂
(pt) ∼= C[λ, z] is the ring of polynomial functions on Lie(T̂ );
• H∗
T̂
(X) = H∗T (X)[z] where T̂ acts on X via the projection T̂ → T ;
A MIRROR CONSTRUCTION FOR TORIC QUANTUM COHOMOLOGY 5
• H∗
T̂
(X)loc := H
∗
T̂
(X)⊗H∗
T̂
(pt) Frac(H
∗
T̂
(pt)) = H∗T (X)⊗H∗T (pt) Frac(H
∗
T (pt)[z]);
• All (co)homology groups have C coefficients unless otherwise specified;
• Ψ(k) is given in Notation 3.1;
• yk is a variable associated to a lattice point k ∈ |Σ|; yi = ybi for 1 ≤ i ≤ m.
2. SHIFT OPERATORS IN EQUIVARIANT GROMOV-WITTEN THEORY
In this section we recall basic definitions of equivariant Gromov-Witten invariants and
shift operators. Shift operators first appeared in the work of Okounkov-Pandharipande
[47] for quantum cohomology of Hilbert schemes of points on C2; they are also stud-
ied by Braverman-Maulik-Okounkov [5], Maulik-Okounkov [42] and the author [38]. Let
T ∼= (C×)dimT be an algebraic torus. Let X be a smooth variety over C equipped with an
algebraic T -action. We assume the following conditions.
• X is semi-projective, i.e. the natural map X → Spec(H0(X,O)) is projective.
• The set of T -weights of H0(X,O) is contained in a strictly convex cone in
Hom(T,C×)⊗ R and H0(X,O)T = C.
In this paper we only need the case where X is a toric variety, but the shift operator makes
sense for general X as above. The above conditions ensure that the T -fixed set XT is projec-
tive, and also that X is equivariantly formal, i.e. H∗T (X) is a free H∗T (pt)-module and one has
a (non-canonical) isomorphism H∗T (X) ∼= H∗(X)⊗CH∗T (pt) as an H∗T (pt)-module, see [38,
Proposition 2.1]. These conditions make equivariant Gromov-Witten invariants well-defined
and ensure the existence of a non-equivariant limit for quantum cohomology.
2.1. Formal power series ring. Let Eff(X) ⊂ H2(X,Z) denote the semigroup generated
by effective curves. For a module (or a ring) M , we write M [[Q]] for the space of formal
power series of the form: ∑
d∈Eff(X)
adQ
d, ad ∈M.
Here Q is a formal parameter called the Novikov variable. For a countable set x =
{x1, x2, x3, . . . } of variables, the space M [[x]] of formal power series in x with coefficients in
M consists of formal sums of the form:∑
I
aIx
I , aI ∈M
where the index I ranges over all sequences (i1, i2, i3, . . . ) of non-negative integers such that∑∞
n=1 in < ∞ and we set xI =
∏∞
n=1 x
in
n . The space M [[x]] can be also described as the
projective limit of the spaces M [[x1, . . . , xn]]. Note that we shall abuse notation when we use
the variable y and write M [[y]], see §3.2 and Remark 1.6.
Recall that a topology on a module (or ring) is said to be linear if the fundamental neigh-
bourhood system of 0 is given by submodules (resp. ideals). Let M be a linearly topologized
module (or ring) and let {Mν ⊂ M} denote the fundamental neighbourhood system of 0.
The topology on M [[x]] is defined by the following fundamental neighbourhood system of 0:
M [[x]]ν,I =
{∑
I
aIx
I : aI ∈Mν for all I ∈ I
}
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where I ranges over all finite sets of exponents I . The topology onM [[Q]] is defined similarly.
The convergence in M [[x]] (or in M [[Q]]) is the coefficient-wise convergence: a sequence in
M [[x]] converges if and only if the coefficient of xI converges in M for each I . When M is
complete, the spaces M [[Q]], M [[x]] are also complete.
2.2. Quantum cohomology and quantum connection. For equivariant cohomology
classes α1, . . . , αn ∈ H∗T (X), d ∈ H2(X,Z) and non-negative integers c1, . . . , cn ∈ Z≥0,
we have equivariant Gromov-Witten invariants
〈α1ψ
c1 , α2ψ
c2, . . . , αnψ
cn〉X,T0,n,d =
∫
[X0,n,d]vir
n∏
i=1
ψcii ev
∗
i (αi)
taking values in the fraction ring Frac(H∗T (pt)) of H∗T (pt). Here X0,n,d denotes the moduli
space of genus-zero stable maps to X of degree d and with n markings, [X0,n,d]vir denotes its
virtual fundamental class, evi : X0,n,d → X is the evaluation map at the ith marking and ψi
is the first Chern class of the universal cotangent line bundle at the ith marking. When X is
not proper, the right-hand side is defined by the virtual localization formula [2, 28] and thus
belongs to Frac(H∗T (pt)).
The equivariant quantum product ⋆τ with τ ∈ H∗T (X) is given by
(α ⋆τ β, γ) =
∑
n≥0
∑
d∈Eff(X)
Qd
n!
〈α, β, γ, τ, . . . , τ〉X,T0,n+3,d
for α, β, γ ∈ H∗T (X), where (α, β) =
∫
X
α ∪ β is the equivariant Poincare´ pairing taking
values in Frac(H∗T (pt)). Let T0, . . . , TN be a basis of H∗T (X) over H∗T (pt) and write τ =∑N
i=0 τ
iTi. The product ⋆τ defines a commutative ring structure on
H∗T (X)[[Q]][[τ ]] := H
∗
T (X)[[Q]][[τ
0, . . . , τN ]].
Notice that the product α ⋆τ β lies in H∗T (X)[[Q]][[τ 0, . . . , τN ]], i.e. we do not need to invert
equivariant parameters. This follows from our assumption that X is semi-projective (see [38,
§2.3]).
The quantum connection ∇ is a pencil of flat connections on the tangent bundle
TH∗T (X) = H
∗
T (X)×H
∗
T (X) of H∗T (X) defined by
∇α = ∂α + z
−1(α⋆τ )
where z is the pencil parameter, τ ∈ H∗T (X) denotes a point on the base, α ∈ H∗T (X) and ∂α
denotes the directional derivative. This is known to be flat, and admits a fundamental solution
M(τ, z) ∈ End(H∗T (X))[[z
−1]][[Q]][[τ ]] such that
∂α ◦M(τ, z) =M(τ, z) ◦ ∇α.
In this paper, we use the following fundamental solution [21, §1], [49, Proposition 2]:
(2.1) (M(τ, z)α, β) = (α, β) +
∑
d∈Eff(X),n≥0
(d,n)6=(0,0)
Qd
n!
〈
α, τ, . . . , τ,
β
z − ψ
〉X,T
0,n+2,d
where 1/(z − ψ) should be expanded in power series
∑∞
n=0 ψ
nz−n−1. We regard the pencil
parameter z as an equivariant parameter for an additional C×. Set T̂ = T ×C× and consider
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the T̂ -action on X induced by the natural projection T̂ → T . By the localization method, we
find that M(τ, z) defines an operator
M(τ, z) : H∗
T̂
(X)[[Q]][[τ ]] → H∗
T̂
(X)loc[[Q]][[τ ]].
where H∗
T̂
(X)loc = H
∗
T̂
(X)⊗H∗
T̂
(pt) Frac(H
∗
T̂
(pt)) is called the Givental space.
2.3. Shift operators. For a cocharacter k : C× → T of T , we say that k is semi-negative if
k pairs with every T -weight of H0(X,O) non-positively. Here we adopt the convention that
T acts on a function f ∈ H0(X,O) as (t · f)(x) := f(t−1x). We consider a shift operator
associated to a semi-negative cocharacter.
For a cocharacter k of T , we consider the space
(2.2) Ek :=
(
X ×
(
C2 \ {(0, 0)}
)) /
C×
where C× acts on X × C2 by s · (x, (v1, v2)) = (skx, (s−1v1, s−1v2)) and sk denotes the
image of s ∈ C× under k. The space Ek is a fiber bundle over P1 with fiber X . The group
T̂ = T ×C× acts on Ek by (t, u) · [x, (v1, v2)] = [tx, (v1, uv2)]. Let X0 denote the fiber of Ek
at [1, 0] ∈ P1 and X∞ denote the fiber of Ek at [0, 1] ∈ P1. Note that the induced T̂ -actions
on X0 and X∞ are given by
(t, u) · x = t · x for x ∈ X0;
(t, u) · x = tuk · x for x ∈ X∞.
We have an isomorphism Φk : H∗T̂ (X0)
∼= H∗
T̂
(X∞) induced by the identity map X0 ∼= X∞
and the group automorphism T̂ → T̂ , (t, u) 7→ (tuk, u). Notice that Φk is not a homomor-
phism of H∗
T̂
(pt)-modules but satisfies the property:
Φk(f(λ, z)α) = f(λ+ kz, z)Φk(α)
for f(λ, z) ∈ H∗
T̂
(pt). Here λ ∈ Lie(T ) and z ∈ Lie(C×) are equivariant parameters for
T and C× respectively and we identify H∗
T̂
(pt) with the ring of polynomial functions on
Lie(T )× Lie(C×). We have an isomorphism [38, Lemma 3.7]
H∗
T̂
(Ek) ∼=
{
(α, β) ∈ H∗
T̂
(X0)⊕H
∗
T̂
(X∞) : α− Φ
−1
k β ≡ 0 mod z
}
which sends γ to (γ|X0, γ|X∞). We write τˆ ∈ H∗T̂ (Ek) for the lift of τ ∈ H
∗
T (X) such that
τˆ |X0 = τ and τˆ |X∞ = Φk(τ). The assignment τ 7→ τˆ is not H∗T (pt)-linear.
Let Hsec2 (Ek,Z) denote the subset of H2(Ek,Z) consisting of section classes dˆ ∈
H2(Ek,Z) such that π∗(dˆ) = [P1], where π : Ek → P1 is the natural projection. We set
Eff(Ek)
sec := Eff(Ek)∩H
sec
2 (Ek,Z). Consider the C×-action on X induced by k : C× → T
and the T -action on X . To each C×-fixed point x ∈ X , we can associate a section
σx = {x} × P
1 of π : Ek → P1. When k is semi-negative, there exists a unique connected
component Fmin of the C×-fixed set XC
×
such that C×-action has only positive weights on
the normal bundle of Fmin in X (see [38, §3.2]). The section class associated to a fixed point
in Fmin is called the minimal section class and is denoted by σmin(k).
Lemma 2.1 ([38, Lemma 3.5, Lemma 3.6]). Let k be a semi-negative cocharacter of T . Then
Ek is semi-projective and Eff(Ek)sec = σmin(k) + Eff(X).
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Definition 2.2 (shift operator). Let k : C× → T be a semi-negative cocharacter. For τ ∈
H∗T (X), define a map S˜k(τ) : H∗T̂ (X0)[[Q]]→ H
∗
T̂
(X∞)[[Q]] by(
S˜k(τ)α, β
)
=
∞∑
n=0
∑
dˆ∈Eff(Ek)sec
Qdˆ−σmin(k)
n!
〈ι0∗α, τˆ , . . . , τˆ , ι∞∗β〉
Ek,T̂
0,n+2,dˆ
where α ∈ H∗
T̂
(X0), β ∈ H
∗
T̂
(X∞) and ι0 : X0 → Ek, ι∞ : X∞ → Ek are the natural inclu-
sions. We define Sk(τ) := Φ−1k ◦ S˜k(τ) : H∗T̂ (X0)[[Q]]→ H
∗
T̂
(X0)[[Q]]. Note that S˜k(τ), Sk(τ)
are defined without inverting equivariant parameters, which again follows from the fact that
Ek is semi-projective, see [38, Remark 3.10]. Note also that S˜k(τ) isH∗T̂ (pt)-linear, but Sk(τ)
satisfies Sk(τ)(f(λ, z)α) = f(λ− kz, z)Sk(τ)α for f(λ, z) ∈ H∗T̂ (pt) and α ∈ H
∗
T̂
(X).
We also introduce a (constant) shift operator acting on the Givental space H∗
T̂
(X)loc.
Definition 2.3 (shift operator on H∗
T̂
(X)loc). Let k : C× → T be a semi-negative cochar-
acter. Let XT =
⊔
i Fi denote the decomposition of the T -fixed set XT into connected
components. Let Ni be the normal bundle of Fi in X and let Ni =
⊕
αNi,α be the decom-
position into T -eigenbundles, where T acts on Ni,α by the weight α ∈ Hom(T,C×). We
write c(Ni,α) =
∏rank(Ni,α)
j=1 (1 + ρi,α,j) with ρi,α,j being the virtual Chern roots of Ni,α. Let
σi(k) ∈ H2(Ek,Z)
sec denote the section class of Ek given by a T -fixed point in Fi. We set
∆i(k) := Q
σi(k)−σmin(k)
∏
α
rank(Ni,α)∏
j=1
∏0
c=−∞(ρi,α,j + α + cz)∏−α·k
c=−∞(ρi,α,j + α + cz)
.
Using the localization isomorphism [2]
ι∗ : H∗
T̂
(X)loc ∼= H
∗
T̂
(XT )loc =
⊕
i
H∗(Fi)⊗C Frac(H
∗
T̂
(pt))
given by the restriction to the fixed set XT , we define the operator Sk : H∗T̂ (X)loc →
H∗
T̂
(X)loc by the commutative diagram:
H∗
T̂
(X)loc
Sk
//
ι∗

H∗
T̂
(X)loc
ι∗

H∗
T̂
(XT )loc
⊕
i∆i(k)e
−kz∂λ
// H∗
T̂
(XT )loc
where e−kz∂λ acts on Frac(H∗
T̂
(pt)) = C(λ, z) by the shift of equivariant parameters
f(λ, z) 7→ f(λ− kz, z).
Proposition 2.4 ([5, 42], [38, Theorem 3.14, Corollaries 3.15, 3.16]). Let k, l be semi-
negative cocharacters of T . We have the following properties.
(1) M(τ, z) ◦ Sk(τ) = Sk ◦M(τ, z)
(2) The shift operators commute with the quantum connection, i.e. [∇α, Sk(τ)] = 0 for
any α ∈ H∗T (X).
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(3) We have Sk(τ) ◦ Sl(τ) = Qd(k,l)Sk+l(τ), Sk ◦ Sl = Qd(k,l)Sk+l for some d(k, l) ∈
H2(X,Z) which is symmetric in k and l; in particular the shift operators commute
each other: [Sk(τ), Sl(τ)] = [Sk,Sl] = 0.
We give an explicit description for d(k, l) in the above proposition. Let ET → BT denote
a universal T -bundle with ET ∼= (C∞ \ {0})dimT and BT ∼= (P∞)dimT . Consider the Borel
construction XT = X ×T ET of X . This is an X-bundle over BT . A cocharacter k of
T induces a map ϕk : P1 ⊂ P∞ ∼= BC× → BT and the X-bundle Ek can be naturally
identified with the pull-back ϕ∗kXT of the Borel construction. Therefore we have a natural
map Ek → XT . Using this, we can compare section classes in Hsec2 (Ek) for various k in the
single space HT2 (X) = H2(XT ). Note that Hsec2 (Ek) becomes a subgroup of HT2 (X) by the
equivariant formality [38, Proposition 2.1] of X . We have the following lemma:
Lemma 2.5. We have d(k, l) = σmin(k + l)− σmin(k)− σmin(l) in HT2 (X).
Proof. A straightforward calculation shows that Sk ◦ Sl = Qd(k,l)Sk+l for some d(k, l) ∈
H2(X) satisfying
(σi(k)− σmin(k)) + (σi(l)− σmin(l)) = (σi(k + l)− σmin(k + l)) + d(k, l)
for each fixed component Fi ⊂ XT , where σi(k) ∈ Hsec2 (Ek) denotes the section class
associated to Fi as in Definition 2.3. We may regard this as a relation in H2(XT ) by pushing
it forward along the inclusion X →֒ XT . Since a fixed point in Fi defines a section of the
Borel construction XT , it follows that σi(k) + σi(l) = σi(k + l) in H2(XT ). The conclusion
follows immediately. 
Definition 2.6 (Seidel elements). Let k : C× → T be a semi-negative cocharacter. The Seidel
elements are defined as Sk(τ) := limz→0 Sk(τ)1.
By part (2) of Proposition 2.4, limz→0 Sk(τ) commutes with the quantum multiplication
and therefore we have
lim
z→0
Sk(τ) = (Sk(τ)⋆τ ).
By part (3) of Proposition 2.4, we have Sk(τ) ⋆τ Sl(τ) = Qd(k,l)Sk+l(τ). This gives the
Seidel representation [56, 43, 38] of the monoid of semi-negative cocharacters on equivariant
quantum cohomology.
Definition 2.7 (commuting vector fields [38, §4.3]). For a semi-negative cocharacter k of T ,
we define a vector field Vk on H∗T (X)×H∗T̂ (X) = H
∗
T (X)×H
∗
T (X)[z] by
(Vk)τ,Υ = (Sk(τ), [z
−1Sk(τ)]+Υ)
where (τ,Υ) ∈ H∗T (X) ×H∗T̂ (X) and [z
−1Sk(τ)]+Υ := z
−1Sk(τ)Υ − z
−1Sk(τ) ⋆τ Υ. The
vector fields Vk commute each other: [Vk,Vl] = 0.
Remark 2.8. The fundamental solution M(τ, z) in (2.1) defines a map
H∗T (X)×H
∗
T̂
(X) −→ H∗
T̂
(X)loc, (τ,Υ) 7−→ zM(τ, z)Υ.
The image of this map is known as the Givental cone [23]. Under this map, the vector field
Vk corresponds to the linear vector field on HT̂ (X)loc given by f 7→ z−1Skf (see [38, §4.3]).
The commutativity of the vector fields Vk follows by Proposition 2.4, (3).
10 HIROSHI IRITANI
3. EQUIVARIANT MIRRORS OF TORIC MANIFOLDS
3.1. Toric manifolds. We collect basic definitions and facts about toric manifolds, for which
we refer the reader to [46, 15]. Let N be a free abelian group of finite rank. Consider a rational
simplicial fan Σ in NR = N⊗ R such that
• each cone of Σ is generated by part of a Z-basis of N;
• the support |Σ| =
⋃
σ∈Σ σ of the fan Σ is full-dimensional and convex;
• there exists a strictly convex piecewise linear function f : |Σ| → R which is linear on
each cone of Σ.
These conditions ensure that the corresponding toric variety XΣ is smooth and satisfies the
conditions in §2. Let b1, . . . , bm ∈ N denote primitive generators of the one-dimensional
cones of Σ. These define the fan sequence
(3.1) 0 −−−→ L −−−→ Zm (b1,...,bm)−−−−−→ N −−−→ 0
where the third arrow sends the standard basis ei ∈ Zm to bi ∈ N and L is the kernel of
Zm → N. For a subset I ⊂ {1, . . . , m}, we write σI for the cone generated by {bi : i ∈ I}.
Define K := L ⊗ C×. Since L is a subgroup of Zm, K is a subgroup of (C×)m and thus K
acts on Cm. The toric variety XΣ is defined as the quotient
XΣ = (C
m \ Z)/K
where Z ⊂ Cm is defined as the zero set of the ideal generated by monomials
∏
1≤i≤m,i/∈I zi
with I ⊂ {1, . . . , m} such that the cone σI belongs to Σ. Here z1, . . . , zm are the standard
co-ordinates on Cm. The torus T := (C×)m/K naturally acts on XΣ. By tensoring the exact
sequence (3.1) with C×, we find T ∼= N ⊗ C×. In particular the lattice Hom(C×, T ) of
cocharacters is identified with N. The toric variety XΣ contains the torus T = (C×)m/K,
and a character χ ∈ Hom(T,C×) = N∗ of T extends to a regular function on XΣ if and only
if χ · v ≥ 0 for all v ∈ |Σ| ⊂ N⊗R. The space H0(XΣ,O) of regular functions is generated
by such characters, and therefore we find that a cocharacter k ∈ N of T is semi-negative3 if
and only if k ∈ |Σ|.
Notation 3.1. For k ∈ N ∩ |Σ|, take a cone σI ∈ Σ containing k and write k =
∑
i∈I nibi.
Define a vector Ψ(k) = (Ψ1(k), . . . ,Ψm(k)) ∈ (Z≥0)m as
Ψi(k) =
{
ni if i ∈ I;
0 otherwise.
and set |k| :=
∑
i∈I ni.
For 1 ≤ i ≤ m, let ui ∈ H2T (XΣ) denote the Poincare´ dual of the T -invariant divisor
{zi = 0}/K ⊂ XΣ. The T -equivariant cohomology ring of XΣ is generated by u1, . . . , um
over C and has the following presentation:
H∗T (XΣ) = C[u1, . . . , um]/ISR
3Recall the convention on the T -action on H0(XΣ,O) at the beginning of §2.3.
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where ISR is the ideal generated by
∏
i∈I ui such that the cone σI does not belong to Σ. An
element χ ∈ H2T (pt,Z) ∼= N∗ can be expressed as a linear combination of ui’s:
(3.2) χ =
m∑
i=1
(χ · bi)ui.
For each k ∈ N∩|Σ|, define φk :=
∏m
i=1 u
Ψi(k)
i ∈ H
∗
T (XΣ). The following lemma is obvious
from the above presentation of H∗T (XΣ).
Lemma 3.2. The set {φk : k ∈ N ∩ |Σ|} is a basis of H∗T (XΣ) over C.
We have that H2T (XΣ,Z) is a free Z-module with basis u1, . . . , um. In particular the equi-
variant homology HT2 (XΣ,Z) is identified with Zm via the dual basis of u1, . . . , um. More-
over the fan sequence (3.1) is identified with:
0 −−−→ H2(XΣ,Z) ∼= L −−−→ H
T
2 (XΣ,Z)
∼= Zm −−−→ HT2 (pt,Z) −−−→ 0.
For a cone σI ∈ Σ, we set CI = {d ∈ H2(XΣ,R) : d · ui ≥ 0 for i /∈ I}. Then the cone of
effective curves is generated by CI with σI ∈ Σ and we have:
(3.3) Eff(XΣ) = L ∩
∑
σI∈Σ
CI .
Let k ∈ N∩ |Σ| be a semi-negative cocharacter of T and let Ek be the associated XΣ-bundle
as in (2.2).
Lemma 3.3. The minimal section class σmin(k) of Ek is identified with the element−Ψ(k) ∈
Zm ∼= HT2 (XΣ,Z) under the natural inclusion Hsec2 (Ek) →֒ HT2 (XΣ) described in the para-
graph after Proposition 2.4.
Proof. Let σI ∈ Σ be a cone containing k and write k =
∑
i∈I nibi. The minimal section
σmin(k) of Ek is associated to a point in the toric subvariety
⋂
i∈I{zi = 0} whose normal
bundle has C× weights {ni}i∈I . The class ui ∈ H2T (XΣ) corresponds, via the natural map
Ek → (XΣ)T , to the toric divisorDi = {zi = 0}×C× (C2 \{0}) in Ek. It suffices to compute
the intersection number of σmin(k) and Di. It is easy to see that Di · σmin(k) equals −ni if
i ∈ I and zero otherwise. The conclusion follows. 
The above lemma and Lemma 2.5 imply:
Corollary 3.4. The class d(k, l) ∈ H2(XΣ,Z) in Proposition 2.4 is given by d(k, l) = Ψ(k)+
Ψ(l)−Ψ(k+l) under the inclusionH2(XΣ,Z) →֒ HT2 (XΣ,Z) ∼= Zm. In particular d(k, l) ∈
Eff(XΣ) by (3.3).
Corollary 3.5. We have Sk(τ) =
∏m
i=1 Sbi(τ)
Ψi(k)
.
Proof. By Corollary 3.4, d(k, l) = 0 whenever k and l belong to the same cone. The conclu-
sion follows by the property Sk(τ) ◦ Sl(τ) = Qd(k,l)Sk+l(τ). 
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3.2. Mirror map. We introduce an infinite set y = {yk : k ∈ N ∩ |Σ|} of variables which
forms a natural co-ordinate system of the B-model. We set yi := ybi for 1 ≤ i ≤ m and
G := (N∩ |Σ|) \ {b1, . . . , bm}. By abuse of notation, we write M [[y]] for the space of formal
power series in the variables {log y1, . . . , log ym} ∪ {yk : k ∈ G} with coefficients in M (see
§2.1). We consider the lattice of infinite rank:
L̂ =
ℓ = (ℓk)k∈N∩|Σ| ∈ Z⊕N∩|Σ| : ∑
k∈N∩|Σ|
ℓkk = 0
 .
By the inclusion {b1, . . . , bm} ⊂ N ∩ |Σ|, we can regard L as a sublattice of L̂ and we have
L̂/L ∼= Z⊕G. We define a splitting L̂→ L ∼= H2(XΣ,Z), ℓ 7→ d(ℓ) by
ui · d(ℓ) =
∑
k∈N∩|Σ|
ℓkΨi(k).
Note that we have the linear relation
∑m
i=1(ui · d(ℓ))bi = 0. We set
L̂eff := {ℓ ∈ L̂ : d(ℓ) ∈ Eff(XΣ), ℓk ≥ 0 (∀k ∈ G)}
∼= Eff(XΣ)× (Z≥0)
⊕G
where in the second line we used the splitting L̂ ∼= L⊕ Z⊕G. We set, for ℓ ∈ Z⊕(N∩|Σ|),
yℓ :=
∏
ℓ∈N∩|Σ|
yℓkk = exp
(
m∑
i=1
ℓbi log yi
)∏
k∈G
yℓkk .
Note that every neighbourhood of 0 in C[[Q]][[y]] contains all but finite elements of {yℓQd(ℓ) :
ℓ ∈ L̂eff}, thus a power series of the form
∑
ℓ∈L̂eff
aℓy
ℓQd(ℓ) is well-defined. We introduce
mirror maps as an integral submanifold of the commuting vector fields {Vk : k ∈ N ∩ |Σ|}
from Definition 2.7.
Proposition 3.6. There exist unique functions
τ(y) ∈ H∗T (XΣ)[[Q]][[y]], Υ(y, z) ∈ H
∗
T̂
(XΣ)[[Q]][[y]]
of the form
τ(y) =
m∑
i=1
ui log yi +
∑
ℓ∈L̂eff\{0}
τℓy
ℓQd(ℓ)
Υ(y, z) = 1 +
∑
ℓ∈L̂eff\{0}
Υℓ(z)y
ℓQd(ℓ)
(3.4)
with τℓ ∈ H∗T (XΣ), Υℓ(z) ∈ H∗T̂ (XΣ) such that we have
(3.5) ∂τ(y)
∂yk
= Sk(τ(y)),
∂Υ(y, z)
∂yk
= [z−1Sk(τ(y))]+Υ(y, z)
for all k ∈ N ∩ |Σ|. We call the function y 7→ τ(y) the mirror map.
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Proof. The existence and uniqueness of τ(y), Υ(y, z) along the locus {yk = 0, ∀k ∈ G} is
proved in [38, Proposition 4.7]. Since the vector fields Vk commute each other, we have a
unique solution (τ(y),Υ(y, z)) to (3.5) which takes the form (3.4) along {yk = 0, ∀k ∈ G}
(see Theorem A.2). It suffices to show that τ(y), Υ(y, z) are expanded as in (3.4). Write
τ(y) =
∑m
i=1 ui log yi+ τ
′(y). By using the divisor equation [38, Remark 3.12], we find that
Sk(τ(y);Q) = y
−Ψ(k)Sk(τ
′(y);Qy)
where y−Ψ(k) =
∏m
i=1 y
−Ψi(k)
i and Sk(σ;Qy) is obtained from Sk(σ;Q) by replacing Qd with
Qdyu1·d1 · · · y
um·d
m . The differential equation for τ reads:
yΨ(k)
∂τ ′(y)
∂yk
= Sk(τ
′(y);Qy)
Notice that ek − Ψ(k) belongs to L̂eff and d(ek − Ψ(k)) = 0, where ek ∈ Z⊕(N∩|Σ|) denotes
the standard basis vector whose lth component is δk,l. This shows, by induction on powers of
the variables {yk : k ∈ G}, that τ(y) has an expansion of the form (3.4). A similar argument
shows that Υ(y, z) also has an expansion of the form (3.4). 
Remark 3.7. By the definition of L̂, τ(y) and Υ(y, z) satisfy the following equations:
∑
k∈N∩|Σ|
k ⊗ yk
∂τ(y)
∂yk
=
m∑
i=1
bi ⊗ ui in N⊗Z H∗T (XΣ),
∑
k∈N∩|Σ|
k ⊗ yk
∂Υ(y, z)
∂yk
= 0 in N⊗Z H∗T̂ (XΣ).
Contracting the first equation with χ ∈ N∗ ⊗ C ∼= H2T (pt) and using (3.2), we obtain∑
k∈N∩|Σ|
(χ · k)yk
∂τ(y)
∂yk
=
∑
k∈N∩|Σ|
(χ · k)ykSk(τ(y)) = χ.
This is a generalization of the linear relation for Batyrev elements [25].
Lemma 3.8. The classical limit Q→ 0 of the shift operator Sk(τ) is given by
lim
Q→0
Sk(τ)f(u) = e
(τ(u−Ψ(k)z)−τ(u))/zf(u−Ψ(k)z)
m∏
i=1
Ψi(k)−1∏
c=0
(ui − cz)
where f(u), τ = τ(u) ∈ H∗T (XΣ) are equivariant cohomology classes expressed as polyno-
mials in u1, . . . , um and u − Ψ(k)z = (u1 − Ψ1(k)z, . . . , um − Ψm(k)z). In particular we
have limQ→0 Sk(τ) = φk exp(−
∑m
i=1Ψi(k)
∂τ(u)
∂ui
).
Proof. This is proved when k = bi in [38, Lemma 4.5]. Note that we considered a redundant
(C×)m-action on XΣ in [38] and there is some difference in notation. The conclusion follows
from Corollary 3.5 and the case where k = bi. 
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We consider the co-ordinates t = {tk : k ∈ N ∩ |Σ|} on the equivariant cohomology
H∗T (XΣ) given by
(3.6) t 7→ τ =
∑
k∈N∩|Σ|
tkφk ∈ H
∗
T (XΣ)
where {φk} is the basis in Lemma 3.2. We define the formal neighbourhood of the origin of
H∗T (XΣ)[[Q]] to be Spf(C[[Q]][[t]]). The mirror map identifies Spf(C[[Q]][[t]]) with the formal
neighbourhood Spf(C[[Q]][[y]]) of the base point y∗ in the y-parameter space.
(3.7) y∗ := {y1 = · · · = ym = 1, yk = 0 (∀k ∈ G)}.
Lemma 3.9. The mirror map y 7→ τ(y) in Proposition 3.6 defines an isomorphism between
Spf(C[[Q]][[y]]) and Spf(C[[Q]][[t]]).
Proof. Expand the mirror map as τ(y) = ∑k∈N∩|Σ| tk(y)φk. One can check using the ex-
pansion (3.4) that lim|k|→∞ tk(y) = 0 in the topology of C[[Q]][[y]] (see §2.1). We also
have tk(y)|y=y∗,Q=0 = 0. Therefore the map y 7→ τ(y) defines a well-defined morphism
Spf C[[Q]][[y]] → Spf C[[Q]][[t]] of formal schemes. By Lemma 3.8, we have
(3.8) ∂τ(y)
∂yk
∣∣∣∣
y=y∗,Q=0
= lim
Q→0
Sk(0) = φk for k ∈ N ∩ |Σ|.
The conclusion follows by the formal inverse function theorem (Theorem A.1). 
Remark 3.10. The formal neighbourhood Spf C[[Q]][[t]] of the origin in H∗T (XΣ)[[Q]] is an
infinite dimensional non-Noetherian and non-adic formal scheme. All formal schemes in
this paper are the formal spectra of admissible rings (in the sense of [30, Chapter 1, §10]),
and thus these spaces make sense in Grothendieck’s theory. See [44, 59] for more recent
approaches to non-Noetherian formal schemes.
Lemma 3.11. The cohomology classes τℓ, Υℓ(z) appearing in equation (3.4) are homoge-
neous. We have deg τℓ = 2(1−
∑
k∈N∩|Σ| ℓk) and degΥℓ(z) = −2
∑
k∈N∩|Σ| ℓk.
Proof. Note that the lemma implies the homogeneity of τ(y) and Υ(y, z) with respect to
the degree deg yk = 2 of variables (except for the leading term
∑m
i=1 ui log yi of τ(y)). We
start with the homogeneity of Sk(τ). Let γ1, . . . , γs be classes in H∗T (XΣ). We claim that
for τ =
∑m
i=1 ui log yi +
∑s
j=1 xjγj , Sk(τ) is a homogeneous endomorphism of degree 0 if
we define the degree of xj to be 2 − deg γj and the degree of yi to be 2. Using the divisor
equation [38, Remark 3.12], we can write (S˜k(τ)α, β) as the sum of the following terms:
〈ι0∗α, γˆj1, . . . , γˆjn, ι∞∗β〉
Ek,T̂
0,n+2,d+σmin
Qd
n!
xj1 · · ·xjn
m∏
i=1
y
ui·d−Ψi(k)
i
with d ∈ Eff(XΣ), 1 ≤ j1, . . . , jn ≤ s and n ≥ 0. By the virtual dimension formula of the
moduli space of stable maps, the degree of this term is deg α+ deg β − 2 dimXΣ, where we
used c1(Ek) · σmin = 2 − |k|. Therefore the claim follows. The lemma follows from this
claim and the recursive construction of τℓ, Υℓ(z) in [38, Proposition 4.6] and in Proposition
3.6. 
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Define the Euler vector field on the y-space and on the t-space (i.e. H∗T (XΣ)) by the
formula:
(3.9) Ey =
∑
k∈N∩|Σ|
yk
∂
∂yk
, Et =
m∑
i=1
∂
∂tbi
+
∑
k∈N∩|Σ|
(
1−
1
2
deg φk
)
tk
∂
∂tk
.
Note that 1
2
deg φk = |k| :=
∑m
i=1Ψi(k). Let Gr0 : H
∗
T̂
(XΣ) → H
∗
T̂
(XΣ) be the grading
operator defined by Gr0(α) = pα for α ∈ H2pT̂ (XΣ). Note that Gr0(zα) = zα + zGr0(α).
Lemma 3.11 together with its proof implies the following:
Lemma 3.12. The mirror map τ(y) preserves the Euler vector field: τ∗Ey = Et. Moreover,
we have
[Et +Gr0, Sk(τ)] = 0, (Ey +Gr0)Υ(y, z) = 0.
In particular we have [Ey +Gr0, Sk(τ(y))] = 0.
Remark 3.13. The relation τ∗Ey = Et implies the following equality:
(3.10)
∑
k∈N∩|Σ|
ykSk(τ) =
∑
k∈N∩|Σ|
yk
∂τ(y)
∂yk
= cT1 (XΣ) +
∑
k∈N∩|Σ|
(1− |k|)tkφk.
Since {Sk(τ) : k ∈ N ∩ |Σ|} forms a C[[Q]][[t]]-basis of H∗T (XΣ)[[Q]][[t]], the inverse mirror
map yk(t) is obtained as the expansion coefficients of the right-hand side in {Sk(τ)}.
Remark 3.14 (divisor equation). Let Qi ∂∂Qi be the differential operator in the Novikov vari-
able such that (Qi ∂∂Qi )Q
d = (ui · d)Q
d
. By (3.4), τ(y) and Υ(y, z) satisfy the following
analogue of the divisor equation:
Qi
∂
∂Qi
τ(y) = Diτ(y)− ui, Qi
∂
∂Qi
Υ(y, z) = DiΥ(y, z),
where we set Di =
∑
k∈N∩|Σ|Ψi(k)yk
∂
∂yk
. The divisor equation for Sk(τ) can be written in
the following form:
Qi
∂
∂Qi
Sk(τ) =
(
∂
∂tbi
+Ψi(k)
)
Sk(τ),
Qi
∂
∂Qi
Sk(τ(y)) = (Di +Ψi(k))Sk(τ(y)).
Remark 3.15. In this paper, we do not consider the degree of the Novikov variable; it is sim-
ply set to be zero. Some people introduce the degree degQd = c1(XΣ) ·d, which corresponds
to the part
∑m
i=1
∂
∂tbi
of the Euler vector field Et via the divisor equation.
3.3. Gauss-Manin system. Regarding Eff(XΣ) ⊂ H2(X,Z) ∼= L as a subset of Zm, we
consider the semigroup
M = Eff(XΣ) + (Z≥0)
m.
For a ring R, we introduce a certain completion R{M} of the semigroup ring R[M]. We
write wi for the element of R[M] corresponding to the ith basis vector ei ∈ (Z≥0)m and write
Qd for the element of R[M] corresponding to d ∈ Eff(XΣ). The uncompleted Novikov ring
R[Q] := R[Eff(XΣ)] is naturally contained in R[M]. Consider the ideal of R[M] generated
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by Qd with d ∈ Eff(XΣ) \ {0} and write R{M} for the completion with respect to this ideal.
Then R{M} is an R[[Q]]-algebra.
The mirror Landau-Ginzburg model is defined on the space Spf(C{M}). We introduce a
convenient co-ordinate system (x,Q) on it. We consider the semigroup ring C[N ∩ |Σ|] of
N ∩ |Σ| and denote by xk ∈ C[N ∩ |Σ|] for the element corresponding to k ∈ N ∩ |Σ|.
Choose a maximal cone σI0 of Σ. Since {bi : i ∈ I0} is a Z-basis of N, we can define a
splitting ς : N → Zm of the fan sequence (3.1) by sending bi ∈ N with i ∈ I0 to ei ∈ Zm.
This splitting defines an embedding C[M] →֒ C[Q] ⊗ C[N ∩ |Σ|] of C[Q]-algebras by the
assignment:
wj = Q
ej−ς(bj )xbj .
Note that ej − ς(bj) ∈ Zm lies in Eff(XΣ) (see (3.3)). This exhibits C{M} as a subalgebra
of C[N ∩ |Σ|][[Q]]. For k ∈ N ∩ |Σ|, we write
wΨ(k) :=
m∏
i=1
w
Ψi(k)
i = Q
β(k)xk
where β(k) := Ψ(k) − ς(k) ∈ Eff(XΣ). Then we have C{M} = (
⊕
k∈N∩|Σ|Cw
Ψ(k))[[Q]],
i.e. {wΨ(k) : k ∈ N ∩ |Σ|} is a topological C[[Q]]-basis of C{M}. We define the universal
Landau-Ginzburg potential by
F (x;y) :=
∑
k∈N∩|Σ|
ykw
Ψ(k) =
∑
k∈N∩|Σ|
ykQ
β(k)xk.
This parameterizes all elements of C{M} and belongs to C{M}[[y]]. We also consider the
equivariant version:
Fλ(x;y) = F (x;y)− λ · log x
where λ ∈ N ⊗ C = Lie(T ) is an equivariant parameter and log x is regarded as a point in
N∗⊗C. Choosing an auxiliary basis of N, we write x = (x1, . . . , xD) and λ = (λ1, . . . , λD)
so that λ · log x =
∑D
i=1 λi log xi where D = rankN.
Definition 3.16. Set ω = dx1
x1
· · · dxD
xD
and ωi = ι(xi ∂∂xi )ω. The (logarithmic) Gauss-Manin
system GM(Fλ) of Fλ(x;y) is defined to be the cokernel of the map
zd + dFλ∧ :
D⊕
i=1
C[z]{M}[[y]][λ]ωi → C[z]{M}[[y]][λ]ω.
where d is the derivation with respect to the x-variables which is linear over the ground
ring C[z][[Q]][[y]][λ] and defined on generators by dwΨ(k) =
∑D
i=1 kiQ
β(k)xkdxi/xi =∑D
i=1 kiw
Ψ(k)dxi/xi. The grading operator on the Gauss-Manin system is given by:
Gr = Ey + z
∂
∂z
+
D∑
i=1
λi
∂
∂λi
,
where Ey is the Euler vector field in (3.9).
Remark 3.17. The term λ·log x in Fλ(x;y) depends on the choice of a splitting ς : N→ Zm,
but the Gauss-Manin system GM(Fλ) itself does not.
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Remark 3.18. Each element f(z, x,y)ω ∈ GM(Fλ) associates the following oscillatory
integral: ∫
eFλ(x;y)/zf(z, x,y)ω.
The image of zd + dFλ∧ corresponds to exact oscillatory forms. The cohomology with
respect to the twisted de Rham differential zd + dFλ∧ has been used in singularity theory
[53, 52] and also in the context of the GKZ system [1, 4, 51, 50].
The image of zd + dFλ∧ is topologically generated by
(3.11) (zd+ dFλ∧)wΨ(l)ωi =
zliwΨ(l) + ∑
k∈N∩|Σ|
kiykw
Ψ(k)+Ψ(l) − λiw
Ψ(l)
ω
as a C[z][[Q]][[y]][λ]-module where ki, li denote the ith components of k, l ∈ N ∩ |Σ| (with
respect to the auxiliary basis of N). This gives a relation in GM(Fλ) and can be thought of
as defining the action of λi. Therefore, we have:
GM(Fλ) ∼= C[z]{M}[[y]]ω.
Proposition 3.19. There exists a unique connection ∇ ∂
∂yk
: GM(Fλ) → z
−1GM(Fλ) in the
y-direction which satisfies
∇ ∂
∂yk
(fs) =
∂f
∂yk
s+ f∇ ∂
∂yk
s,[
∇ ∂
∂yk
,∇ ∂
∂yl
]
= 0,
[
∇ ∂
∂yk
,Gr
]
= ∇ ∂
∂yk
,
∇ ∂
∂yk
wΨ(l)ω = z−1
∂Fλ
∂yk
wΨ(l)ω = z−1wΨ(k)+Ψ(l)ω
for f ∈ C[z][[Q]][[y]][λ], s ∈ GM(Fλ), k, l ∈ N∩|Σ|. We call∇ the Gauss-Manin connection.
Proof. Since {wΨ(k) : k ∈ N ∩ |Σ|} is a topological C[z][[Q]][[y]][λ]-basis of C[z]{M}[[y]][λ],
we have a unique connection ∇ ∂
∂yk
on C[z]{M}[[y]][λ]ω satisfying the above properties. It
suffices to check that z∇ ∂
∂yk
preserves the image of (zd + dFλ∧). Using Corollary 3.4, we
find that
z∇ ∂
∂yk
[
(zd + dFλ∧)w
Ψ(l)ωi
]
= Qd(k,l)(zd+ dFλ∧)w
Ψ(k+l)ωi.
The conclusion follows. 
We can introduce shift operators for the Gauss-Manin system.
Proposition 3.20. Consider the operator wΨ(k) : GM(Fλ) → GM(Fλ) with k ∈ N ∩ |Σ|
given by multiplication by wΨ(k) on C[z]{M}[[y]]ω ∼= GM(Fλ). This satisfies the following
properties:
wΨ(k) ◦ wΨ(l) = wΨ(l) ◦ wΨ(k) = Qd(k,l)wΨ(k+l)
wΨ(k) ◦ f(Q,y, λ) = f(Q,y, λ− kz) ◦ wΨ(k)
wΨ(k) ◦ ∇ ∂
∂yk
= ∇ ∂
∂yk
◦ wΨ(k), wΨ(k) ◦Gr = Gr ◦wΨ(k),
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where k, l ∈ N ∩ |Σ| and f(Q,y, λ) ∈ C[[Q]][[y]][λ].
Proof. The first equation follows from Corollary 3.4. The second equation follows from the
relation (3.11) defining the action of λi. The third and the fourth are obvious. 
We now state our main result. Recall that t = {tk : k ∈ N ∩ |Σ|} is a co-ordinate system
on H∗T (XΣ) given by (3.6) and the mirror map gives a formal invertible change of variables
between y and t (Lemma 3.9).
Theorem 3.21. We identify the parameters y = {yk} and t = {tk} via the mirror map in
Proposition 3.6. Then we have a unique isomorphism
Θ: GM(Fλ)
∼=
−→ H∗T (XΣ)[z][[Q]][[t]]
of C[z][[Q]][[y]]-modules such that
(1) Θ(ω) = Υ(y, z);
(2) Θ intertwines wΨ(k) with Sk(τ(y)) for k ∈ N ∩ |Σ|;
(3) Θ intertwines the Gauss-Manin connection with the quantum connection;
(4) Θ intertwines the action of equivariant parameters λi, i = 1, . . . , D;
(5) Θ preserves the grading, i.e. Θ ◦Gr = (Ey +Gr0) ◦Θ,
where Υ(y, z) is as in Proposition 3.6.
Proof. Since {wΨ(k)ω : k ∈ N ∩ |Σ|} gives a topological C[z][[Q]][[y]]-basis of
GM(Fλ), we can define a C[z][[Q]][[y]]-module homomorphism Θ by setting Θ(wΨ(k)ω) =
Sk(τ(y))Υ(y, z). By Lemma 3.8 and the form (3.4) of τ(y), we find that
Sk(τ(y))Υ(y, z)
∣∣
y=y∗,Q=0
=
m∏
i=1
Ψi(k)−1∏
c=0
(ui − cz) = φk +O(z)
where y∗ is given in (3.7). Thus Θ is an isomorphism. This preserves the grading since we
have Gr(wΨ(k)ω) = 0 and (Ey + Gr0)Sk(τ(y))Υ(y, z) = 0 by Lemma 3.12. Proposition
2.4 (3) and Proposition 3.20 show that Θ intertwines wΨ(k) with Sk(τ(y)). The differential
equation (3.5) for Υ gives:
∂
∂yk
Υ(y, z) + z−1
∂τ(y)
∂yk
⋆τ(y) Υ(y, z) = z
−1Sk(τ(y))Υ(y, z)
where we used ∂τ(y)
∂yk
= Sk(τ(y)). This implies that
∇QC∂
∂yk
Θ(ω) = Θ
(
∇GM∂
∂yk
ω
)
where QC stands for quantum connection and GM stands for Gauss-Manin. Since ∇QC
commutes with Sk(τ(y)), Θ intertwines Sk(τ(y)) with wΨ(k), and wΨ(k) commutes with
∇GM, it follows that we can replace ω with wΨ(k)ω in this formula. Part (3) follows. In view
of the relation (3.11), part (4) is equivalent to the relation:
λiSl(τ(y))Υ(y, z) = zliSl(τ(y))Υ(y, z) +
∑
k∈N∩|Σ|
kiykSk(τ(y))Sl(τ(y))Υ(y, z).
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It suffices to show the equality for l = 0. Using the differential equation (3.5) again, we find
that this is equivalent to:
λiΥ(y, z) =
∑
k∈N∩|Σ|
zkiyk
∂Υ(y, z)
∂yk
+
∑
k∈N∩|Σ|
kiyk
∂τ(y)
∂yk
⋆Υ(y, z).
This follows from Remark 3.7. 
We define the Jacobi ring of Fλ to be
J(Fλ) := C{M}[[y]][λ]/ (x1∂x1Fλ(x;y), . . . , xD∂xDFλ(x;y))
∼= C{M}[[y]].
The following corollary gives a combinatorial description of the big equivariant quantum
cohomology as an abstract ring.
Corollary 3.22. We have a C[[Q]][[y]][λ]-algebra isomorphism J(Fλ) ∼= C{M}[[y]]
∼=
−→
(H∗T (XΣ)[[Q]][[t]], ⋆τ ) that sends wΨ(k) = ∂ykF (x;y) to
∂τ(y)
∂yk
for k ∈ N ∩ |Σ|.
Proof. Note that we have GM(Fλ)/zGM(Fλ) ∼= J(Fλ) · ω. Since Θ intertwines the Gauss-
Manin connection with the quantum connection, it induces an isomorphism J(Fλ) · ω ∼=
H∗T (XΣ)[[Q]][[t]] intertwining the action of wΨ(k) with the quantum product
∂τ(y)
∂yk
⋆τ(y). 
3.4. Primitive form. We define the primitive form ζ ∈ GM(Fλ) as the inverse image of the
identity class 1
ζ := Θ−1(1) =
∑
k∈N∩|Σ|
ck(z,y)w
Ψ(k)ω
under the isomorphism Θ in Theorem 3.21, where ck(z,y) ∈ C[z][[Q]][[y]]. Since Θ inter-
twines the Gauss-Manin connection with the quantum connection, we obtain:
Proposition 3.23. When we identify the parameters y and t via the mirror map, the primitive
form satisfies the differential equation:
z∇ ∂
∂tk
∇ ∂
∂tl
ζ =
∑
j∈N∩|Σ|
cjk,l(t)∇ ∂
∂tj
ζ
where cjk,l(t) ∈ C[[Q]][[t]] are the structure constants of the equivariant quantum product,
i.e. φk ⋆τ φl =
∑
j c
j
k,l(t)φj.
We give an alternative description for the mirror isomorphism Θ and the primitive form.
Introduce an infinite set y+ = {yk,n : k ∈ N ∩ |Σ|, n = 1, 2, 3, . . . } of parameters and
consider the formal deformation of ω:
(3.12) ω(y+) = exp
 ∑
k∈N∩|Σ|
∞∑
n=1
yk,nz
n−1wΨ(k)
ω.
In view of the oscillatory integral in Remark 3.18, this formal deformation corresponds to
adding to the potential Fλ the z-dependent term
∑
k
∑
n≥1 yk,nz
nwΨ(k). The original param-
eters y = {yk} correspond to {yk,0} in this sense. Note that the primitive form ζ can be
written in this form (3.12) since ck(z,y)|y=y∗,Q=0 = δk,0. We will work with formal power
series in all these variables {log y1, . . . , log ym}∪{yk : k ∈ G}∪{yk,n : k ∈ N∩|Σ|, n ≥ 1}.
The following theorem follows easily from Proposition 3.6 and Theorem 3.21.
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Theorem 3.24. The image Υ(y,y+, z) = Θ(ω(y+)) is characterized by the following differ-
ential equation:
∂Υ(y,y+, z)
∂yk,n
= [zn−1Sk(τ(y))]+Υ(y,y
+, z) n = 0, 1, 2, . . .(3.13)
where we set yk,0 := yk, [zn−1Sk(τ(y))]+Υ := zn−1Sk(τ(y))Υ − δn,0z−1Sk(τ(y)) ⋆τ(y) Υ,
together with the expansion
(3.14) Υ(y,y+, z) = 1 +
∑
(ℓ,ℓ+)
Υℓ,ℓ+(z)y
ℓ(y+)ℓ
+
Qd(ℓ,ℓ
+)
with Υℓ,ℓ+(z) ∈ H∗T̂ (XΣ), where the sum is taken over (ℓ, ℓ
+) ∈ Z⊕(N∩|Σ|) × Z⊕((N∩|Σ|)×N)
such that
•
∑
k∈N∩|Σ|(ℓk +
∑∞
n=1 ℓ
+
k,n)k = 0;
• ℓk ≥ 0 for all k ∈ G, ℓ+k,n ≥ 0 for all (k, n) ∈ (N ∩ |Σ|)× N, and;
• d(ℓ, ℓ+) ∈ Eff(XΣ)
where N = {1, 2, 3, . . . } is the set of natural numbers and d(ℓ, ℓ+) ∈ H2(XΣ,Z) is deter-
mined by ui · d(ℓ, ℓ+) =
∑
k∈N∩|Σ|(ℓk +
∑∞
n=1 ℓ
+
k,n)Ψi(k).
We consider the formal neighbourhood of (0, 1) in H∗T (XΣ)[[Q]] × H∗T̂ (XΣ)[[Q]]. This is
defined similarly to the formal neighbourhood of 0 in H∗T (XΣ)[[Q]] (see the discussion around
(3.6)) by choosing a C-linear basis of H∗T (XΣ)×H∗T̂ (XΣ).
Lemma 3.25. The map (y, ω(y+)) 7→ (τ(y),Υ(y,y+, z)) defines an isomorphism between
the formal neighbourhood Spf(C[[Q]][[y,y+]]) of ω in the Gauss-Manin system and the formal
neighbourhood of (0, 1) in H∗T (XΣ)[[Q]] ×H∗T̂ (XΣ)[[Q]].
Proof. The map (y, ω(y+)) 7→ (τ(y),Υ(y,y+, z)) defines a morphism of formal schemes
for a reason similar to the proof of Lemma 3.9. By the formal inverse function theorem
(Theorem A.1), it suffices to check that the differential of the map at y = y∗, y+ = 0,
Q = 0 is an isomorphism (see (3.7) for y∗). We checked that y 7→ τ(y) is an isomorphism
in Lemma 3.9. By Lemma 3.8, we have for n ≥ 1
(3.15) ∂Υ(y,y
+, z)
∂yk,n
∣∣∣∣
y=y∗,y+=0,Q=0
= zn−1
m∏
i=1
Ψi(k)−1∏
c=0
(ui − cz).
These form a C-linear basis of H∗
T̂
(XΣ), and the conclusion follows. 
Corollary 3.26. The primitive form ζ is given by ω(y+) with Υ(y,y+, z) = 1.
Remark 3.27 (cf. Remark 3.13). Extending the argument in Lemma 3.12, we can easily show
the homogeneity (Ey,y++Gr0)Υ(y,y+, z) = 0 with respect to the extended Euler vector field
Ey,y+ =
∑
k∈N∩|Σ|
∑∞
n=0(1− n)yk,n
∂
∂yk,n
, where we set yk,0 = yk. From this we obtain∑
k,n
(1− n)yk,n
[
zn−1Sk(τ(y))
]
+
Υ(y,y+, z) + Gr0Υ(y,y
+, z) = 0.
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Suppose that y+ is chosen so that Υ(y,y+, z) = 1 and ω(y+) is the primitive form. Then
one obtains by (3.10) that∑
k∈N∩|Σ|
∞∑
n=0
(1− n)yk,nz
nSk(τ(y))1 = c
T
1 (XΣ) +
∑
k∈N∩|Σ|
(1− |k|)tkφk.
This determines yk,n with n 6= 1 as the expansion coefficients of the right-hand side, as
znSk(τ)1 form a basis of H∗T̂ (XΣ).
Remark 3.28. In this paper, we do not study the higher residue pairing [53] for the Gauss-
Manin system. It would be interesting to define such a structure in our setting. SinceXΣ is not
necessarily compact, the higher residue pairing should take values inC(λ1, . . . , λD)[z][[Q]][[y]]
in general and coincide with the Poincare´ pairing on quantum cohomology. See e.g. [37,
Appendix A.3] for the comparison of (non-equivariant) pairings for compact weak-Fano toric
orbifolds.
4. NON-EQUIVARIANT MIRRORS
4.1. Non-equivariant mirror isomorphism. We obtain a non-equivariant mirror isomor-
phism by taking the non-equivariant limit λ → 0 of Theorem 3.21. The non-equivariant
Gauss-Manin system GM(F ) is defined to be the cokernel of the map:
zd+ dF∧ :
D⊕
i=1
C[z]{M}[[y]]ωi → C[z]{M}[[y]]ω
which is just GM(Fλ)/∑Di=1 λiGM(Fλ). The mirror isomorphism Θ in Theorem 3.21 in-
duces an isomorphism
(4.1) Θnoneq : GM(F )
∼=
−→ H∗(XΣ)[z][[Q]][[t]].
In the non-equivariant limit, we can extend the flat connection in the z-direction using the
homogeneity. For the non-equivariant Gauss-Manin system GM(F ), we define:
∇z ∂
∂z
:= Gr−∇Ey .
Explicitly this is given by
∇z ∂
∂z
(f(x, z,y)ω) =
(
z
∂f(x, z,y)
∂z
− z−1F (x;y)f(x, z,y)
)
ω
for f(x, z,y) ∈ C[z]{M}[[y]]. For the non-equivariant quantum cohomology module
H∗(XΣ)[z][[Q]][[t]], we define:
∇z ∂
∂z
:= (Gr0+Et)−∇Et
which is given explicitly as:
∇z ∂
∂z
f(z, t) = Gr0(f(z, t))−
1
z
(c1(XΣ) + σ −Gr0(σ)) ⋆σ f(z, t)
for f(z, t) ∈ H∗(XΣ)[z][[Q]][[t]], where σ is the non-equivariant limit of τ =
∑
k∈N∩|Σ| tkφk
and ⋆σ denotes the non-equivariant quantum product. Note that Gr0 contains the derivation
z ∂
∂z
. These operators ∇z ∂
∂z
have a pole of order one along z = 0. By Theorem 3.21, it is
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clear that the isomorphism Θnoneq intertwines the quantum connection and the Gauss-Manin
connection including in the z-direction.
We further restrict the base space to the non-equivariant cohomology H∗(XΣ). Let
T0, . . . , TN denote a homogeneous basis of H∗(XΣ) and let s0, . . . , sN be the co-ordinates on
H∗(XΣ) dual to T0, . . . , TN . We denote by σ =
∑N
i=0 siTi a general point on H∗(XΣ). We
choose a formal section s : H∗(XΣ)[[Q]] → H∗T (XΣ)[[Q]] of the natural map H∗T (XΣ)[[Q]] →
H∗(XΣ)[[Q]] of the form:
s(σ) =
∑
k∈N∩|Σ|
sk(σ)φk with sk(σ) ∈ C[[Q]][[s0, . . . , sN ]]
such that sk(0)|Q=0 = 0, lim|k|→∞ sk(σ) = 0 (in the adic topology of C[[Q]][[s0, . . . , sN ]])
and that the non-equivariant limit of s(σ) equals σ. The section s is a morphism
Spf C[[Q]][[s0, . . . , sN ]] → Spf C[[Q]][[t]] of formal schemes. By pulling back F by s, we
obtain a Landau-Ginzburg potential
(s∗F )(x; σ) =
∑
k∈N∩|Σ|
yk(s(σ))w
Ψ(k)
parameterized by σ ∈ H∗(XΣ), where yk = yk(τ) denotes the inverse mirror map. Define
the Gauss-Manin system GM(s∗F ) of s∗F to be the cokernel of the map
zd + d(s∗F )∧ :
D⊕
i=1
C[z]{M}[[s0, . . . , sN ]]ωi → C[z]{M}[[s0, . . . , sN ]]ω.
Lemma 4.1. The map Θnoneq in (4.1) induces an isomorphism:
s∗Θnoneq : GM(s
∗F )
∼=
−→ H∗(XΣ)[z][[Q]][[s0, . . . , sN ]].
Proof. This is slightly subtle as the completed tensor product is not right exact in general. For
any module M , we write M [[s]] = M [[s0, . . . , sN ]] for simplicity. The section s defines a con-
tinuous homomorphism s∗ : C[z][[Q]][[y]] → C[z][[Q]][[s]] by yk 7→ yk(s(σ)); this is surjective
as s is a section. We have the commutative diagram:⊕D
i=1C[z]{M}[[y]]ωi
zd+dF∧
−−−−−→ C[z]{M}[[y]]ω
Θnoneq
−−−−→ H∗(XΣ)[z][[Q]][[y]] −−−→ 0ys∗ ys∗ ys∗⊕D
i=1C[z]{M}[[s]]ωi
zd+d(s∗F )∧
−−−−−−−→ C[z]{M}[[s]]ω
s∗Θnoneq
−−−−−→ H∗(XΣ)[z][[Q]][[s]] −−−→ 0
where the top row is exact and the vertical arrows (induced by s) are all surjective. We
need to show that the bottom row is exact. The surjectivity of s∗Θnoneq is obvious. Let
ϕ ∈ C[z]{M}[[s]]ω be in the kernel of s∗Θnoneq. Choose a lift ϕˆ ∈ C[z]{M}[[y]]ω of ϕ such
that s∗ϕˆ = ϕ. Then s∗(Θnoneq(ϕˆ)) = 0. When we write Θnoneq(ϕˆ) =
∑N
i=0 fi(z, Q,y)Ti
with fi ∈ C[z][[Q]][[y]], this means s∗fi = 0 for all 0 ≤ i ≤ N . Choosing a preimage
T̂i ∈ C[z]{M}[[y]]ω of Ti under Θnoneq, we have that ϕˆ−
∑N
i=0 fi(z, Q,y)T̂i is in the kernel
of Θnoneq and this maps to ϕ under s∗. Now a diagram chasing shows ϕ is in the image of
zd+ d(s∗F )∧. 
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The pulled-back quantum connection s∗∇ on H∗(XΣ)[z][[Q]][[s0, . . . , sN ]] is given by:
s∗∇ ∂
∂si
=
∂
∂si
+
1
z
Ti⋆σ
s∗∇z ∂
∂z
= Gr0−
1
z
(
c1(XΣ) +
N∑
i=0
(
1−
1
2
deg Ti
)
siTi
)
⋆σ
where Gr0 : H∗(XΣ)[z] → H∗(XΣ)[z] is the linear operator given by Gr(αzn) = (n + p)α
for α ∈ H2p(XΣ) and ⋆σ is the non-equivariant quantum product. This is the usual quantum
connection in non-equivariant theory. Thus we obtain:
Theorem 4.2. For any formal section s : H∗(XΣ)[[Q]] → H∗T (XΣ)[[Q]], the non-equivariant
mirror isomorphism s∗Θnoneq intertwines the quantum connection and the Gauss-Manin con-
nection including in the z-direction.
Define the Jacobi ring of s∗F to be
J(s∗F ) = C{M}[[s0, . . . , sN ]]/ (x1∂x1(s
∗F )(x; σ), . . . , xD∂xD(s
∗F )(x; σ)) .
Exactly in the same way as we deduced Corollary 3.22 from Theorem 3.21, we deduce the
following corollary from Theorem 4.2:
Corollary 4.3. We have a C[[Q]][[s0, . . . , sN ]]-algebra isomorphism J(s∗F )
∼=
−→
(H∗(XΣ)[[Q]][[s0, . . . , sN ]], ⋆σ) that sends ∂si(s∗F ) to Ti.
We remark a relationship between s∗F and a universal unfolding of the original potential
F (x;y∗) (see (3.7) for y∗). We say that G(x; r) ∈ C{M}[[r0, . . . , rN ]] is a universal unfolding
of F (x;y∗) if
• G(x; 0) = F (x;y∗) and
• ∂r0G(x; r)|r=0, . . . , ∂rNG(x; r)|r=0 form a C[[Q]]-basis of the Jacobi ring
J(F (x;y∗)) = C{M}/〈xi∂xiF (x;y
∗), i = 1, . . . , D〉.
For example, if {φi(x)}Ni=0 ⊂ C{M} is a C[[Q]]-basis of the Jacobi ring J(F (x;y∗)), then
G(x; r) = F (x;y∗) +
N∑
i=0
riφi(x)
gives a universal unfolding of F (x;y∗). We can choose a section s so that the map
Spf C[[Q]][[s0, . . . , sN ]] → Spf C[[Q]][[y]], σ 7→ y(s(σ)) = {yk(s(σ))}k∈N∩|Σ| passes through
the C[[Q]]-valued point y∗, i.e. we have y(s(σ∗)) = y∗ for some σ∗ ∈ H∗(XΣ)[[Q]] with
σ∗|Q=0 = 0. Then s∗F |σ=σ∗+∑Ni=0 riTi gives a universal unfolding of F (x;y
∗) by Corollary
4.3 (in particular, the Jacobi ring J(F (x;y∗)) is a free C[[Q]]-module of rank dimH∗(XΣ)).
More generally, we have the following.
Proposition 4.4. Let G(x; r) ∈ C{M}[[r0, . . . , rN ]] be an element with G(x; 0) = F (x;y∗).
The following are equivalent:
(1) G(x; r) is a universal unfolding of F (x;y∗);
(2) there exist a formal section s : H∗(XΣ)[[Q]] → H∗T (XΣ)[[Q]] as above and a formal
invertible change of variables sj = sj(r) ∈ C[[Q]][[r0, . . . , rN ]] with sj(0)|Q=0 = 0
such that G(x; r) = s∗F |σ=∑Nj=0 sj(r)Tj .
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Proof. We write M [[r]] = M [[r0, . . . , rN ]] for simplicity. Corollary 4.3 shows that part (2)
implies part (1). Conversely, suppose that a universal unfolding G(x; r) is given. We
can write G(x; r) = F (x;y(r)) for some formal morphism r 7→ y(r), Spf(C[[Q]][[r]]) →
Spf(C[[Q]][[y]]). Composing this with the mirror map τ(y) and the non-equivariant limit, we
obtain a map from Spf(C[[Q]][[r]]) to the formal neighbourhood of zero in H∗(XΣ)[[Q]]. It
suffices to show that this is an isomorphism. By the formal inverse function theorem, it suf-
fices to show that the derivative at r = 0 is an isomorphism, i.e. the non-equivariant limits
of ∂τ(y(r))
∂ri
|r=0, i = 0, . . . , N form a basis of H∗(XΣ)[[Q]] over C[[Q]]. On the other hand, the
non-equivariant limit of Corollary 3.22 gives an isomorphism of C[[Q]][[y]]-algebras:
J(F ) ∼= (H∗(XΣ)[[Q]][[t]], ⋆τ )
which sends [∂ykF (x;y)] to the non-equivariant limit of
∂τ(y)
∂yk
. This isomorphism restricted
to the base point y∗ sends [∂riG(x; r)|r=0] to the non-equivariant limit of
∂τ(y(r))
∂ri
|r=0. The
conclusion follows. 
Remark 4.5. Mirror symmetry for toric varieties has been studied by many people. As
noted in the Introduction, Givental [24, 22] and Hori-Vafa [33] proposed Landau-Ginzburg
mirrors for toric varieties. There are studies on non-compact case (local mirror symmetry)
[41, 21, 8, 39, 45], Frobenius manifold [3, 17, 36, 51], semi-simplicity [35, 48], toric orbifolds
[13, 37, 31, 16, 27, 12, 7, 60], an approach using Lagrangian Floer theory [18, 19, 20, 6],
tropical geometry [29], quantum Kirwan maps [58, 27] and quasimap spaces [10, 7], etc. In
non-semipositive case, we need to take a certain “Q-adic” completion of the Gauss-Manin
system; this has been pointed out by the author [36], [35, Theorem 1.2]. An isomorphism
between a “completed” Jacobi ring and quantum cohomology was proved by Fukaya-Oh-
Ohta-Ono [18, Theorem 1.9], [20, Theorem 1.2.34] using Lagrangian Floer theory and by
Gonza´lez-Woodward [27, Theorems 1.16, 4.23] using quantum Kirwan map. (There are
differences on Novikov rings and the choice of completions among the literature.) In the
analytic setting (in semipositive case), results analogous to Theorem 4.2 are given, e.g. in
[37, Proposition 4.8], [51, Theorem 4.11], [16, Theorem 5.1.1], [45, Theorem 7.43].
4.2. Reparametrization group. In the equivariant setting, the primitive form was given by
an actual differential form (see §3.4). In the non-equivariant setting, however, there are many
choices for cochain-level primitive forms. Consider the commutative diagram:
GM(Fλ) ∼= C[z]{M}[[y]]ω
Θ
//

H∗T (XΣ)[z][[Q]][[y]]

GM(F )
Θnoneq
// H∗(XΣ)[z][[Q]][[y]].
A primitive form can be chosen to be any element in C[z]{M}[[y]]ω which maps to 1 in the
bottom right corner. We also have the freedom to choose a formal section s : H∗(XΣ)[[Q]]→
H∗T (XΣ)[[Q]] as in §4.1 to pull it back to the base H∗(XΣ)[[Q]]. We show that all cochain-level
primitive forms which are obtained in this way and coincide with ω at the origin σ = Q = 0
are related by reparametrizations of the x-variables.
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Definition 4.6 (reparametrization group). Consider a formal change of variables of the form:
xi 7→ x˜i = xi exp
 ∑
k∈N∩|Σ|
ǫk,iw
Ψ(k)
 1 ≤ i ≤ D,
where ǫ = {ǫk,i : k ∈ N ∩ |Σ|, 1 ≤ i ≤ D} is a set of formal parameters. These transfor-
mations form a (non-commutative) formal group G over C[[Q]] by composition. As a formal
scheme, G is isomorphic to Spf(C[[Q]][[ǫ]]). We also consider the jet group JG of G, which
consists of formal transformations:
xi 7→ x˜i = xi exp
 ∑
k∈N∩|Σ|
∞∑
n=0
ǫk,i,nw
Ψ(k)zn
 1 ≤ i ≤ D
containing the parameter z. The group JG is isomorphic to Spf(C[[Q]][[ǫ˜]]) with ǫ˜ = {ǫk,i,n :
k ∈ N∩|Σ|, 1 ≤ i ≤ D, n = 0, 1, 2, . . .}. Note that G acts on the module C{M} and JG acts
on the module C[z]{M}. Let e ∈ JG denote the identity element. The generators [∂/∂ǫk,i,n]e
of the Lie algebra Te(JG) correspond to the vector fields:
Wk,i,n := z
nwΨ(k)xi
∂
∂xi
satisfying the commutation relation [Wk,i,n,Wl,j,p] = Qd(k,l)(liWk+l,j,n+p − kjWk+l,i,n+p).
The formal group JG acts, by change of variables, on oscillatory D-forms of the form:
eF (x;y)/zω(y+) = exp
1
z
∑
k∈N∩|Σ|
∞∑
n=0
yk,nz
nwΨ(k)
ω
where we set yk,0 = yk. This defines the JG-action on Spf(C[[Q]][[y,y+]]), and the generator
Wk,i,n corresponds to the following vector field:
W˜k,i,n := ki
∂
∂yk,n+1
+
∑
l∈N∩|Σ|
∞∑
j=0
liQ
d(k,l)yl,j
∂
∂yk+l,n+j
where the first term in the right-hand side comes from the Lie derivative of ω = dx1
x1
· · · dxD
xD
.
Lemma 4.7. Let τ(y), Υ(y,y+, z) be the functions in Proposition 3.6 and Theorem 3.24. We
have
W˜k,i,nτ(y) = λiSk(τ(y))δn,0
W˜k,i,nΥ(y,y
+, z) = λi[z
n−1Sk(τ(y))]+Υ(y,y
+, z).
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Proof. This is just a calculation. It is obvious that W˜k,j,nτ(y) = 0 for n > 0. For n = 0,
using the differential equation (3.5), we have
W˜k,i,0τ(y) =
∑
l∈N∩|Σ|
liQ
d(k,l)yl
∂τ(y)
∂yk+l
=
∑
l∈N∩|Σ|
liQ
d(k,l)ylSk+l(τ(y))
=
∑
l∈N∩|Σ|
liylSk(τ(y)) ⋆τ(y) Sl(τ(y)) by Proposition 2.4 (3)
= λiSk(τ(y)) by Remark 3.7.
On the other hand, using the differential equation (3.13), we have
W˜k,i,nΥ = kiz
nSk(τ(y))Υ +
∑
l∈N∩|Σ|
∞∑
j=0
liQ
d(k,l)yl,j[z
n+j−1Sk+l(τ(y))]+Υ
= kiz
nSk(τ(y))Υ +
∑
l∈N∩|Σ|
∞∑
j=0
liyl,jz
n+j−1Sk(τ(y))Sl(τ(y))Υ
− δn,0
∑
l∈N∩|Σ|
liylz
−1Sk(τ(y)) ⋆τ(y) Sl(τ(y)) ⋆τ(y) Υ by Proposition 2.4 (3)
= znSk(τ(y))
kiΥ+ ∑
l∈N∩|Σ|
∞∑
j=0
liyl,j
(
∂Υ
∂yl,j
+ δj,0z
−1Sl(τ(y)) ⋆τ(y) Υ
)
− δn,0z
−1λiSk(τ(y)) ⋆τ(y) Υ by Remark 3.7
= znSk(τ(y))(ki + z
−1λi)Υ− δn,0λiSk(τ(y)) ⋆τ(y) Υ = λi[z
n−1Sk(τ(y))]+Υ.
where in the last line we used the equation
∑
l∈N∩|Σ|
∑∞
j=0 liyl,j∂yl,jΥ = 0, which follows
from the expansion (3.14). 
Let R be a linearly topologized C[[Q]]-algebra. Let Rnilp denote the ideal of R consisting
of topologically nilpotent elements, i.e. elements x ∈ R such that limn→∞ xn = 0. We
assume that R is complete and Hausdorff and that, for any neighbourhood U of zero in R,
there exists n ∈ N such that (Rnilp)n ⊂ U . An R-valued point on Spf(C[[Q]][[y,y+]]) is given
by a collection {log y1, . . . , log ym} ∪ {yk : k ∈ G} ∪ {yn,k : k ∈ N ∩ |Σ|, n = 1, 2, . . . }
of elements of Rnilp such that every neighbourhood U ⊂ R of 0 contains all but finitely
many elements of this collection. An R-valued point on the formal group JG is described
similarly. For an R-valued point (y,y+), we can make sense of τ(y) ∈ H∗T (XΣ) ⊗̂C R and
Υ(y,y+, z) ∈ H∗T (XΣ)[z] ⊗̂C R where ⊗̂ denotes the completed tensor product. Consider
the map
(y,y+) 7→ (σ(y),Ξ(y,y+, z)) ∈ H∗(XΣ)[[Q]] ×H
∗(XΣ)[z][[Q]]
defined as the non-equivariant limit of (τ(y),Υ(y,y+, z)). We will see that this map classi-
fies the JG-orbit on the space Spf(C[[Q]][[y,y+]]) of oscillatory forms.
Theorem 4.8. Let R be as above, and let (y1,y+1 ), (y2,y+2 ) be two R-valued points of
Spf C[[Q]][[y,y+]]. Then the following are equivalent:
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(1) there exists an R-valued point g ∈ JG(R) of JG such that g · [eF (x;y1)/zω(y+1 )] =
[eF (x;y2)/zω(y+2 )];
(2) one has σ(y1) = σ(y2) and Ξ(y1,y+1 , z) = Ξ(y2,y+2 , z).
Proof. (1) ⇒ (2): Since the exponential map identifies the formal neighbourhood of the
origin of Te(JG) with JG, we can work at the Lie algebra level. Lemma 4.7 implies that the
generators W˜k,i,n of Te(JG) act on σ(y), Ξ(y,y+, z) trivially. Thus σ and Ξ are constant
along a JG-orbit.
(2) ⇒ (1): It follows from (3.8), (3.15) that(
δn,0Sk(τ(y)), [z
n−1Sk(τ(y))]+Υ(y,y
+, z)
)∣∣
y=y∗,y+=0,Q=0
form a C-basis ofH∗T (XΣ)×H∗T (XΣ)[z]. Define a C-basis {vl,p : l ∈ N∩|Σ|, p = 0, 1, 2, . . . }
of H∗T (XΣ)×H∗T (XΣ)[z] by
vl,p =
{
(φl, 0) p = 0;
(0, zp−1φl) p > 0.
Then we can write
vl,p =
∑
k∈N∩|Σ|
∞∑
n=0
ck,n,l,p
(
δn,0Sk(τ(y)), [z
n−1Sk(τ(y))]+Υ(y,y
+, z)
)
for some (unique) coefficients ck,n,l,p ∈ C[[Q]][[y,y+]] such that lim|k|+n→∞ ck,n,l,p = 0. De-
fine the vector fields Xl,p,i =
∑
k∈N∩|Σ|
∑∞
n=0 ck,n,l,pW˜k,i,n. Then Lemma 4.7 implies:
Xl,p,i
(
τ(y),Υ(y,y+, z)
)
= λivl,p.
When we assume (2), we can find rl,p,i ∈ Rnilp such that lim|l|+p→∞ rl,p,i = 0 and(
τ(y2),Υ(y2,y
+
2 , z)
)
−
(
τ(y1),Υ(y1,y
+
1 , z)
)
=
∑
l∈N∩|Σ|
∞∑
p=0
D∑
i=1
rl,p,iλivl,p.
Such rl,p,i are not unique. They define an “R-dependent” vector field
∑
l,p,i rl,p,iXl,p,i on the
formal schemeMR := Spf(C[[Q]][[y,y+]])×Spf(C[[Q]])Spf(R) = Spf(R[[y,y+]]) overR. Since
rl,p,i are topologically nilpotent, we can integrate this vector field to obtain an automorphism
of MR over R (see Theorem A.2). By construction, this automorphism sends the R-valued
point (y1,y+1 ) to (y2,y+2 ). By integrating the corresponding Lie algebra element in the for-
mal group (JG)R = JG ×Spf C[[Q]] Spf(R) over R, we obtain an element g ∈ JG(R) which
sends eF (x;y1)/zω(y+1 ) to eF (x;y2)/zω(y+2 ). 
To obtain a primitive form in the non-equivariant setting, we need to choose a formal
section s : H∗(XΣ)[[Q]] → H∗T (XΣ)[[Q]] as in §4.1 and a formal function f : H∗(XΣ)[[Q]] →
H∗
T̂
(XΣ)[[Q]] that is expanded as
f(σ) =
∑
k∈N∩|Σ|
∞∑
n=0
fk,n(σ)z
nφk
with fk,n(σ) ∈ C[[Q]][[s0, . . . , sN ]] such that fk,n(0)|Q=0 = δk,0δn,0, lim|k|+n→∞ fk,n(σ) = 0
in the topology of C[[Q]][[s0, . . . , sN ]] and that the image of f(σ) under the natural map
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H∗
T̂
(XΣ)[[Q]] → H
∗(XΣ)[z][[Q]] is 1. By the isomorphism in Lemma 3.25, we obtain a
Landau-Ginzburg potential s∗F = F (x;y(σ)) and a primitive form ζ(s,f) = ω(y+(σ)) such
that
s(σ) = τ(y(σ)), f(σ) = Υ(y(σ),y+(σ), z).
The cohomology class [ζ(s,f)] maps to 1 under the isomorphism s∗Θnoneq : GM(s∗F ) ∼=
H∗(XΣ)[[Q]][[s0, . . . , sN ]].
Corollary 4.9. Any oscillatory primitive forms exp(s∗F/z)ζ(s,f) associated to various data
(s, f) as above are related to each other by a co-ordinate change in the x-variables, i.e. they
are contained in a single JG(C[[Q]][[s0, . . . , sN ]])-orbit.
5. EXTENDED I -FUNCTION
In this section we relate the mirror map τ(y), the function Υ(y, z) (or Υ(y,y+, z)) and
the primitive form ζ with certain hypergeometric series called the (extended) I-function.
This gives us a concrete algorithm to calculate these quantities, although actual computations
could be very complicated.
Definition 5.1 ([12]). Define a cohomology-valued hypergeometric series in the variables
y = {yk : k ∈ N ∩ |Σ|} as follows:
I(y, z) = ze
∑m
i=1 ui log yi/z
∑
ℓ∈L̂eff
yℓQd(ℓ)
(
m∏
i=1
∏0
c=−∞(ui + cz)∏ℓbi
c=−∞(ui + cz)
)
1∏
k∈G ℓk!z
ℓk
where we used the notation from §3.2. This belongs to H∗
T̂
(XΣ)loc[[Q]][[y]] and is called the
extended I-function.
Recall from Remark 2.8 that the image of the fundamental solution M(τ, z) sweeps the
Givental cone in H∗
T̂
(XΣ)loc. We show that the extended I-function is on the Givental cone
[22, 12].
Proposition 5.2. Let τ(y), Υ(y, z) denote the functions from Proposition 3.6. We have
I(y, z) = zM(τ(y), z)Υ(y, z).
Proof. This proposition was proved in [38, §4.3] along the locus {yk = 0 : k ∈ G}. It suffices
to show that both I(y, z) and zM(τ(y), z)Υ(y, z) satisfy the same differential equation in yk
for k ∈ G. We claim that both functions satisfy:
∂f(y, z)
∂yk
= z−1Skf(y, z).
Since Vk corresponds to the linear vector field f 7→ z−1Skf on the Givental space HT̂ (XΣ)loc
(see Remark 2.8, [38, §4.3]), the differential equation holds for f = zM(τ(y), z)Υ(y, z). We
show that the differential equation holds for f = I(y, z). Let x ∈ XΣ be a T -fixed point. Let
Ix(y, z) denote the restriction of I(y, z) to x. By Definition 2.3, we need to show that:
(5.1) z ∂
∂yk
Ix(y, z) = ∆x(k)e
−kz∂λIx(y, z)
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with
∆x(k) = Q
σx−σmin(k)
m∏
i=1
∏0
c=−∞(ui(x) + cz)∏−ui(x)·k
c=−∞ (ui(x) + cz)
where ui(x) ∈ H2T (pt) denotes the restriction of ui to x. Recall that σmin(k) ∈ Hsec2 (Ek)
corresponds to −Ψ(k) ∈ Zm ∼= HT2 (XΣ,Z) by Lemma 3.3. A similar argument shows that
the section class σx associated to the fixed point x corresponds to (−ui(x) · k)mi=1. Therefore
the right-hand side of (5.1) equals:
QΨ(k)−
∑m
i=1(ui(x)·k)ei
m∏
i=1
∏0
c=−∞(ui(x) + cz)∏−ui(x)·k
c=−∞ (ui(x) + cz)
ze
∑m
i=1(ui(x) log yi/z−(ui(x)·k) log yi)
×
∑
ℓ∈L̂eff
Qd(ℓ)yℓ
(
m∏
i=1
∏−ui(x)·k
c=−∞ (ui(x) + cz)∏ℓbi−ui(x)·k
c=−∞ (ui(x) + cz)
)
1∏
l∈G ℓl!z
ℓl
Note that we can write the extended I-function as a sum over ℓ ∈ L̂ (by replacing ℓl! with
Γ(1 + ℓl)) since the summand corresponding to ℓ /∈ L̂eff automatically vanishes. Shifting the
index ℓ as ℓ → ℓ +
∑m
i=1(ui(x) · k)ebi − ek, we find that this equals the left-hand side of
(5.1). 
We explain that the functions (τ(y),Υ(y, z)) are obtained from I(y, z) via the Birkhoff
factorization [14]. Consider the C[z][[Q]][[y]]-linear map
dI : H∗T (XΣ)[z][[Q]][[y]] → H
∗
T (XΣ)((z
−1))[[Q]][[y]]
sending φk to ∂I(y,z)∂yk for k ∈ N ∩ |Σ|. Here we used the embedding H
∗
T̂
(XΣ)loc →֒
H∗T (XΣ)((z
−1)) given by the Laurent expansion at z =∞. We have
∂I(y, z)
∂yk
=M(τ(y), z)
(
z
∂Υ(y, z)
∂yk
+
∂τ(y)
∂yk
⋆τ(y) Υ(y, z)
)
=M(τ(y), z)Sk(τ(y))Υ(y, z).
Let SΥ: H∗T (XΣ)[z][[Q]][[y]] → H∗T (XΣ)[z][[Q]][[y]] denote the C[z][[Q]][[y]]-linear map sending
φk to Sk(τ(y))Υ(y, z) for each k ∈ N ∩ |Σ|. Then we have:
dI =M(τ(y), z) ◦ SΥ.
This can be viewed as the Birkhoff factorization of dI when we regard z as a loop parameter;
notice that M(τ(y), z) belongs to EndC(H∗T (XΣ))[[z−1]][[Q]][[y]] and that M(τ(y), z =∞) =
id. The Birkhoff factorization can be performed recursively in powers in Q and y, and this
gives a concrete algorithm to compute M(τ(y), z) and Υ(y). The mirror map τ(y) is then
obtained from the expansion:
(5.2) M(τ(y), z)1 = 1 + τ(y)
z
+ o(z−1).
Once we obtain τ(y) and SΥ, we can calculate the inverse mirror map y = y(t) and the
primitive form ζ =
∑
k∈N∩|Σ| ck(y, z)w
Ψ(k)ω by the requirement (see §3.4)∑
k∈N∩|Σ|
ck(y, z)Sk(τ(y))Υ(y, z) = 1.
30 HIROSHI IRITANI
Finally we extend Proposition 5.2 to the functionΥ(y,y+, z) in Theorem 3.24 and describe
an alternative method to calculate the primitive form. Let y+ = {yk,n : k ∈ N ∩ |Σ|, n =
1, 2, 3, . . .} be the variables in §3.4 and consider
yk(z) = yk +
∞∑
n=1
yk,nz
n.
We write y(z) = {yk(z) : k ∈ N ∩ |Σ|}.
Proposition 5.3. Let Υ(y,y+, z) be as in Theorem 3.24. We have
I(y(z), z) = zM(τ(y), z)Υ(y,y+, z)
where I(y(z), z) is obtained from the extended I-function I(y, z) by replacing yk with yk(z).
Proof. It suffices to show that both sides satisfy the same differential equation:
∂f(y,y+)
∂yk,n
= zn−1Skf(y,y
+).
In the proof of Proposition 5.2, we showed that z ∂I(y,z)
∂yk
= SkI(y, z). Thus f =
I(y(z), z) satisfies the above differential equation. The differential equation for f =
zM(τ(y), z)Υ(y,y+, z) follows easily from Proposition 2.4 (1) and Theorem 3.24. 
Recall from §3.4 that the primitive form ζ is given by ω(y+) in (3.12) such that
Υ(y,y+, z) = 1. Thus the asymptotics (5.2) implies:
Corollary 5.4. The primitive form ζ is given by ω(y+) for y+ such that the asymptotics
I(y(z), z) = z(1 + O(z−1)) holds. Moreover, for such y+, the asymptotics I(y(z), z) =
z + τ(y) +O(z−1) determines the mirror map τ(y).
Remark 5.5. Proposition 5.3 implies that I(y(z), z) lies on the Givental cone. In fact, the
family of vectors (y,y+) 7→ I(y(z), z) covers the whole Givental cone and (y,y+) may be
viewed as a B-model co-ordinate system on the cone.
Remark 5.6. When we identify the space Spf(C[[Q]][[y,y+]]) with the Givental cone as in
the above remark, we can interpret Theorem 4.8 as follows: the non-equivariant Givental
cone is the orbit space of the equivariant Givental cone under the action of the group JG of
reparametrizations of the mirror.
Remark 5.7. The formal geometry appearing in this paper is very similar to the treatment of
the Givental cone as a formal scheme in [11, Appendix B].
Remark 5.8. It should be possible to generalize the results in this paper to toric orbifolds
(or toric Deligne-Mumford stacks). This is interesting since toric orbifolds correspond to
arbitrary Laurent polynomials. See [13, 31, 16, 27, 12, 7, 60] for related works.
APPENDIX A. FORMAL GEOMETRY IN INFINITE DIMENSIONS
For the sake of completeness, we prove a formal inverse function theorem and the exis-
tence of a flow of a vector field in infinite dimensions. The results here are straightforward
generalizations of well-known results in finite dimensions, but we could not find a reference.
Throughout the section, we assume that R is a linearly topologized ring containing Q and
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that R is complete and Hausdorff. We denote by {Rν} a fundamental neighbourhood system
of zero consisting of ideals of R.
Let x = {x1, x2, x3, . . . } be a countably infinite set of variables. A morphism
f : Spf(R[[x]]) → Spf(R[[x]]) of formal schemes over R (see §2.1 for R[[x]]) is given by a
tuple {f ∗(x1), f ∗(x2), f ∗(x3), . . . } of elements in R[[x]] such that f ∗(xi)|x=0 ∈ Rnilp and
limn→∞ f
∗(xn) = 0, where Rnilp = {x ∈ R : limn→∞ xn = 0}. Consider the R-module
T :=
{
(rn)
∞
n=1 ∈ R
N : lim
n→∞
rn = 0
}
∼= (Q⊕N) ⊗̂ R.
The topology on T is defined by submodules (Q⊕N)⊗̂Rν . A morphism f associates the (con-
tinuous) tangent map df : T → T defined by df(ei) =
∑∞
j=1
∂f∗(xj)
∂xi
∣∣∣
x=0
ej . The following
gives two important classes of morphisms.
• for a continuous R-module homomorphism A : T → T with A(ei) =
∑∞
j=1 ajiej , we
have a linear map f given by f ∗(xj) =
∑∞
j=1 ajixi;
• for an element (rj)∞j=1 ∈ T with rj ∈ Rnilp, we have a translation map f given by
f ∗(xj) = xj + rj .
Theorem A.1 (formal inverse function theorem). Let f : Spf(R[[x]])→ Spf(R[[x]]) be a mor-
phism of formal schemes over R. If the tangent map df : T → T at x = 0 is an isomorphism,
f is an isomorphism.
Proof. By composing with a linear map and a translation, we may assume that f(0) = 0
and the tangent map df is the identity. Then the truncation of f ∗ given by R[[x1, . . . , xn]] ⊂
R[[x]]
f∗
−→ R[[x]] ։ R[[x1, . . . , xn]] is an isomorphism, by the inverse function theorem in
finite dimensions (see [32, Appendix A]; the proof over a discrete ring works verbatim over
R). It follows easily that f ∗ is an isomorphism. 
Next we discuss the integrability of a formal vector field. A formal vector field on
Spf(R[[x]]) over R is a formal sum V =
∑∞
n=1 Vn(x)
∂
∂xn
with Vn(x) ∈ R[[x]] such that
limn→∞ Vn(x) = 0. We consider the flow t 7→ x(t) = (xn(t))∞n=1 satisfying
(A.1) dxn(t)
dt
= Vn(x(t)) with xn(0) = xn.
Theorem A.2. There exists a unique solution x(t) = (xn(t))∞n=1 to the equation (A.1) which
defines a morphism Spf(R[[x]][[t]]) → Spf(R[[x]]) of formal schemes. Let I ⊂ R be an ideal
such that, for any ν, there exists n ∈ N such that In ⊂ Rν . If Vn(x) ∈ I[[x]] for all n, then
the substitution t = 1 in the solution x(t) is well-defined and we obtain a time-one flow map
Spf(R[[x]])→ Spf(R[[x]]).
Proof. Note that V defines a well-defined continuous mapping V : R[[x]] → R[[x]]. The flow
is given by a continuous ring homomorphismR[[x]]→ R[[x]][[t]] defined by ϕ 7→ exp(tV )ϕ =∑∞
k=0
1
k!
tkV k(ϕ), where V k is the k-fold composition of V , see [34, 3C]. The former state-
ment follows. To see the latter, it suffices to notice that limk→∞ V k(ϕ) = 0 uniformly for all
ϕ ∈ R[[x]] under the assumption. 
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